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We develop a Eulerian model for a particle suspension in fully developed turbulent liquid in a horizontal
pipe. Virtual mass effects and hydrodynamic interactions are accounted for by an extension of the kinetic
theory of Reeks and Swailes.

The model input is provided by the fluid-turbulence statistics measured using PIV. The model output is
compared to PTV data in terms of concentration and particle kinetic stresses. We use water as carrier
fluid, and polystyrene particles of diameter 950 pm. The flow Reynolds numbers are 43,000, 64,000
and 115,000, with corresponding particle Stokes numbers (in terms of the turbulence timescale seen
by the particles) of 1.3, 2.5 and 3.0.

We find that the radial component of the particle kinetic stress controls the radial diffusivity and the
scale height of the concentration profile. It is shown that the axial and radial normal stresses are larger
than the corresponding fluid stresses, mainly due to the virtual mass force. A model for hydrodynamic
(long-range) interaction between the particles is invoked to account for the radial normal stress profile.
As has been found previously in gas-solid flow, this interaction serves to redistribute the axial normal
stress to the radial normal stress. The transport of kinetic stress is insignificant, leading to local relations
between particle and fluid stresses, and a local particle diffusivity. The axial normal stress induced by the
mean velocity shear is small compared to the virtual mass contribution.
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1. Introduction
1.1. Background

The transport of fluid droplets, bubbles or solid particles in a
turbulent carrier fluid is a challenging topic in multiphase pipe
flow. Three common subgroups of such flows are droplets sus-
pended in gas, droplets suspended in another fluid (dispersions)
and solid particles suspended in a liquid (suspensions). Two major
challenges in the accompanying modelling effort are to predict the
distribution of the dispersed phase in inhomogeneous turbulence,
and how the carrier fluid turbulence is affected. A central issue in
the modelling effort is how to treat the boundary conditions. These
depend on the specific problem at hand, e.g., entrainment of drop-
lets into the carrier fluid or particle-particle/wall-particle
interactions.

In an accompanying paper, Skartlien (2009) addresses the mod-
elling of droplets in a dense gas flow representative of conditions in
pipelines. In the current paper, we discuss the modelling of solid
particles suspended in a turbulent liquid. This setting is chosen
to enable a more fundamental experimental and theoretical study
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of carrier fluid turbulence and the effect on particle dynamics. Fur-
thermore, some of the experimental difficulties associated with
turbulence measurements in droplet laden gas-liquid pipe flow
at high Reynolds numbers are then circumvented. These difficul-
ties should however decrease for lower bulk velocity. In the droplet
model of Skartlien (2009), the particle kinetic theory developed at
the University of Newcastle by Reeks (1992, 1993), Swailes et al.
(1998) was adopted.

In the current work, we extend this theory to account for the
added mass effect that occurs for solid particles (also for bubbles
and fluid droplets) suspended in a liquid, provided that the parti-
cle/carrier fluid material density ratio is of order unity or smaller.
This is the first time the added mass effect has been addressed in
the context of pdf equations and the associated closure laws in
the accompanying continuum equations.

The added mass effect introduces additional hydrodynamic
forcing on the particles and is a source of extra dispersion/turbu-
lent diffusion with larger effects for smaller material density ratio.
The current experimental campaign has enabled us to test the
model ingredients and assumptions, and the subsequent turbu-
lence data have provided the required input to the model. Drazen
and Jensen (in preparation) present the current experimental work
in more detail. The data were obtained by a combination of Particle
Image Velocimetry (PIV) and Tracking Velocimetry (PTV), using a
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high-speed digital camera and a dual pulsed laser to enable simul-
taneous measurements of the carrier fluid velocity and particle
motions. We will give a brief overview of the experiments below.

Recent experimental work in the literature has focused on tur-
bulence modification. Kiger and Pan (2000) used glass beads (with
diameter 195 pm) suspended in turbulent channel flow with
water. Wu et al. (2006) used polythene spheres with diameter 60
and 110 pm, in air flow. Both authors found turbulence augmenta-
tion even at low mass loadings less than or equal to 1073, In the
current dataset, Drazen and Jensen (2007, in preparation) found
significant turbulence enhancement (~ 20%) of the carrier fluid
with polystyrene particles in water at a volume fraction of
~ 1073, Gore and Crowe (1989) discuss the effect of particle size
on turbulence modulation, while Hetsroni (1989) discusses the
dependency on particle Reynolds number. A general trend is that
larger particles and particle Reynolds numbers tend to augment
turbulence, while smaller particles tend to suppress turbulence.
More theoretical studies that attempt to explain the modulation
phenomenon in more detail can be found in Kenning and Crowe
(1997), Crowe (2000) and Poelma and Ooms (2006). Many authors
have also used DNS to analyze turbulence modulation (e.g., Ahmed
and Elghobashi, 2000; Ferrante and Elghobashi, 2003). We will also
focus on the modelling of turbulence modification in an upcoming
paper, using the current dataset.

In this paper, we will not focus on the modification of turbu-
lence, but consider the measured turbulence profiles as given input
to the suspension model. The novelty of the current work is in the
combination of PIV/PTV data with the kinetic model, accounting
for both the added mass and drag-force. We adopt the kinetic the-
ory of Reeks (1992, 1993), Swailes et al. (1998), Hyland et al.
(1999) for a particle suspension in turbulent fluid. Recent develop-
ments can be found in Reeks (2005), in particular with respect to
the requirement of a “well mixed” homogeneous distribution of
passive tracer particles in incompressible carrier fluid. This kinetic
approach provides the Eulerian mass, momentum and kinetic
stress equations for the particulate phase from the given equation
of motion for a single particle (i.e., from “first principles”). As a bo-
nus, the dispersion coefficients and coupling terms to the carrier
fluid follow automatically in the form of time integrals over the
particle paths.! For the purpose of application, we need to intro-
duce suitable approximations in order to resolve the time integrals
into simple algebraic expressions in terms of fluid-turbulence
stresses and correlation times. A central point in the current paper
is to evaluate and test these approximations.

The PIV and PTV data are used to calculate statistical estimates
of the exact force correlation functions that control the dispersion
tensors. These results are used to evaluate the approximate disper-
sion tensors that are adopted in the model, where the correlation
functions are replaced by simple exponential forms with character-
istic correlation times. The fluid-turbulence data are taken as input
to the model, and the model output is compared to measured pro-
files of particle concentration and Kinetic stress.

More ad hoc types of closure relations for the dispersion coeffi-
cients must be invoked in models based on Reynolds averaged
equations for the particulate phase (e.g., Young and Leeming,
1997; Kataoka and Serizawa, 1989; Elghobashi and Abou-Arab,
1983), or “k-€” approaches (e.g., Wang et al., 1997 and the model-
ling reviewed by Lightstone and Hodgson, 2004). Other Eulerian
formulations that are based on kinetic theory similar to that of
Reeks and Swailes, are due to Simonin (2000), Zaichik and Alip-
chenkov (2005). Caraman et al. (2003) applied Simonin’s modelling
approach to analyze gas-solids flow, including particle collisions.

! The general integrals provide exact closures for the dispersion coefficients if the
turbulent force acting on the particles is Gaussian. The dispersion tensors are
therefore approximate in non-Gaussian cases, such as in near-wall regions.

In the original version of the kinetic theory (Reeks, 1992), a di-
lute suspension is considered where the particles do not interact.
In the current work, we extend the Eulerian equations to account
for particle-particle hydrodynamic interactions. This is imple-
mented by adopting a collisional term in the stress equations, fol-
lowing Simonin (2000) and Caraman et al. (2003). Close range
electrostatic particle-particle interactions that may occur in parti-
cle beds and dense suspensions are not accounted for in the cur-
rent model.

1.2. Overview of the experiments

A series of experiments were conducted in the Hydrodynamics
Laboratory at the University of Oslo to provide support for the
modelling work. A detailed description of the experimental work
is found in Drazen and Jensen (in preparation), while an additional
description of the experimental work with a focus on turbulence
enhancement can be found in Drazen and Jensen (2007). The aim
of the experiments was to simultaneously measure the properties
of both phases in a solid-liquid pipe flow. The facility consists of a
50 mm ID perspex pipe with a length of 30 m (Fig. 1). At one end of
the pipe there are separation tanks with a set of ball valves through
which the particulate phase was introduced into the flow via a
Venturi. The solid phase consisted of 950 pm polystyrene beads
(p, =1.05 gcm=3) while the liquid phase was water. The mean
volume fraction of particles was & ~ 0.003.

Data were collected over pipe Reynolds numbers ranging from
40,000 to 115,000. The images were recorded using a high-speed
camera capable of recording up to 2000 fps at 1024 x 1024 pixels,
with a faster rate using reduced resolution. The particulate and car-
rier phases were separated using a median filtering technique
based on the work of Kiger and Pan (2000). After separation, pro-
cessing of the velocity data and particle positions was performed
using Digiflow, a commercially available software package from
Dalziel Research Partners.

Both the local fluid velocity and fluid acceleration along the par-
ticle tracks are needed to test the adopted dispersion coefficients in
the Eulerian equations. To compute the fluid acceleration the tech-
nique of Jensen and Pedersen (2004) was used, yielding the total
derivative of the fluid velocity, Du/Dt = du/dt + u - Vu. Individual
particle tracks were generated from the particle position data re-
turned by Digiflow, and the fluid velocity and acceleration values
were interpolated onto the particle tracks.

The paper starts in Section 2 with a derivation of the Eulerian
equations, with account for particle-particle interactions and tur-
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Fig. 1. Simplified schematic of the pipe flow facility at the Hydrodynamics
Laboratory at the University of Oslo. The arrows denote the direction of flow.
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bulent drag and added mass forces. In Section 4 we discuss the
fluid-turbulence parameters that are extracted from the PIV/PTV
data in order to provide the necessary model input. The model re-
sults with regard to particle stress and concentration profiles, are
summarized in Section 5. The discussion and conclusion follow in
Section 6.

2. The particle equation of motion
2.1. Drag and added mass forces

Maxey and Riley (1983) derived the equation of motion (EOM)
for a particle in a fluid in the limit of low particle Reynolds number
(Rep, < 1). We will neglect history effects and the Faxen curvature
effect, and adopt the following EOM:

my Du 1

. . Du
MV ==L (W=V)+ (M, —my)g+my =My |V
p

Dt

5 :|+fc, (1)

where v is the particle velocity. We assume that this equation holds
also for higher Reynolds numbers (larger than unity), although an
additional Saffman-type lift force depending on local fluid vorticity
might be relevant. The particle diameter is d =950 um,V, =
4/37(d/2)? is the particle volume, m, = p,Vp is the particle mass,
where p, =1.05g/cm?, m; = p;V, is the fluid mass displaced by
the particle (where for water p; = 1.0 g/cm?). The fluid velocity
evaluated at the particle position is u, and g is gravity. The particle
relaxation time 7,(u,v) depends on the local drag coefficient and
the local particle and fluid velocities. Du/Dt is the fluid acceleration
evaluated at the particle position.
The “added mass term” is

1 . Du
5 {V—E (2)
and
iy 28

"Dt

accounts for viscous stress and pressure gradients in the fluid, act-
ing on the particle surface. Auton et al. (1988) have shown that the
added mass force on a sphere should be expressed in the form given
in (2). The force due to hydrodynamic interaction is included for-
mally via the force f. that accounts for the perturbations due to
the fluid velocity field induced by nearby particles. We will discuss
this force in more detail below.

For adaption to the kinetic theory, we recast the EOM on the
more convenient form

1 Du
v:T—p(u—v)+ge+aﬁ+C (3)

with the following definitions:

3k

2 pp
o= s
1h°
1+30
C= fe

(1)

These relations account for the “trivial” added mass effects. The
"non-trivial” part is due to the effect of the fluid acceleration on
the particle diffusivity, as shown in Section 3.4.

Therelaxationtime 7, (u, v) isalocal, stochastic quantity in turbu-
lent flow. The current form of the kinetic theory requires that the par-
ticle force is proportional to the fluid velocity (for drag) or to the fluid
acceleration (for the added mass effect). Thus, a constant relaxation
time is required. We will therefore replace 7, with a relaxation time
accounting for a characteristic particle Reynolds number Re,,

2
_4p 4
( P)Rep 3 p_f VREPCD (4)
du-v
Re, = 1M =Y1 5)
C ——5¥£<14—015R60%7) for Re, < 1000 (6)
® " Re, o - ’
Cp =044 for Re, > 1000, (7

where v is the kinematic viscosity of the fluid (for water
v =10"°m?/s), and [u — v]| is a characteristic average slip velocity
along the particle paths. The correlation for the drag coefficient
Cp, is in a standard form (e.g., Sommerfeld, 2003). We will not ac-
count for any modification due to turbulence of the ambient fluid.
The relaxation time reduces to the Stokesian value

(Tp)s = (p,/py)d’ /(18)

for Re, — 0, which is generally larger than (t)g,,. The final relaxa-
tion time we adopt, that is corrected for added mass, becomes

% = (e, (1 +%%> ®)
p

In the kinetic description we will frequently use the inverse time
B =1, which serves as a frictional drag coefficient.

2.2. Measured added mass effects

For the purpose of measuring the degree of correlation between
the measured particle acceleration and the forcing terms, we rear-
range the EOM,

1 . 3. D
<mp+§mf>v:2_1p (U*V)Jrjmefl:ﬂL(mp —mp)g -+ ®)
LJ_J T ag
L

We can then calculate correlations between the acceleration and
individual terms on the RHS of the equation. Assuming that the col-
lision and gravitation terms are small, we expect a significant re-
sponse in the cross-correlations ((ay);(ap);) and (d;(ap);) between
equal Cartesian components i.

The first cross-correlation would demonstrate the contribution
from the fluid acceleration or added mass forcing, and the second
will measure the contribution from the drag-force. We will expect
that the hydrodynamic interaction force f. between particles is
more important towards the pipe floor where the concentration
is larger, introducing more noise there in a,. The gravitation intro-
duces a constant offset in a,. Figs. 2 and 3 show cross-correlations
and corresponding scatterplots for (dy(dwvy/dt)) ~ (d«(ap),) and
(Duy/Dt(dwy/dt)) ~ ((af),(ap),) obtained form the experimental
data, for the two larger Reynolds numbers. We will use x for the ax-
ial direction along the pipe, and y for the radial direction normal to
the pipe walls.

We see a non-zero cross-correlation for both terms, with max-
imum correlation at positive time lag At >0, in the sense
(A(t)B(t + At)). The noise seen in each scatterplot is due to the data
reduction procedure for the PIV and PTV data, the interaction force
f., and the terms in the EOM that are not included in the specific
correlation at hand. The sloping lines in the scatterplots show an
estimate of the principal axis. The ratio between the correlation
maxima and principal axes, suggest that the fluid acceleration term
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Fig. 2. Correlation between particle acceleration and force terms in the x-direction for Re = 63,900. The left panels show the cross correlation, and the right panels the
scatterplot at the time lag of maximum correlation. The upper panels show (dy(dz,/dt)) and the bottom panels (Du,/Dt(dv,/dt)). The sloping lines in the scatterplots show
estimates of the principal axis. The correlation with the acceleration term is about four times larger than the correlation with the drag term, showing that the added mass

effect is significant.

provides a significantly larger contribution to the particle acceler-
ation than the drag term. For the y-direction (not shown), the
acceleration measurements are subject to more noise, and we can-
not see a clear correlation between particle and fluid accelerations
in the current dataset.

3. The kinetic model
3.1. Kinetic theory for a collisionless, dilute suspension

3.1.1. The PDF-equation and the dispersion tensors

The evolution (in phase space) of the ensemble averaged parti-
cle probability distribution function P = (W(v, X, t)) is governed by
(e.g., Reeks, 1992, 1993; Hyland et al., 1999)

OP+V - VxP+Vy [(F-pv)P]=-Vy - 7, (10)
where the diffusion current is
S = (fW). (11)

This equation is analogous to the classical Boltzmann equation (but
now with the collision term replaced by the divergence of the diffu-
sion current). The force components f and F represent the fluctuat-

ing and non-fluctuating fluid forces on the particle respectively
(without collisions). Thus, the force terms in the EOM (3) imply that

f:%(u7<u))+a%foc<%>, (12)
Fog o). (13)

where brackets denote ensemble averaging. W is the distribution
function corresponding to a single realization of f.

For a Gaussian f, there is an exact closure relation for the diffu-
sion current (Reeks, 1992, 1993),

Tk = =041y P) — Ox(ZxP) — 7P

in terms of three given dispersion tensors, i, 4x and 7y, which are
functions of (v,Xx,t). In the following Eulerian equations we will
need the density weighted averages of the dispersion tensors, e.g.,

(14)

%mn:/@Wxn@wJ@fm
¢(V,X, t) = Ma

p
p(X,t) = / P(v,x, t)dv.
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Fig. 3. Correlation between particle acceleration and force terms in the x-direction for Re = 115, 000.

The dispersion tensor Z; may also be given in terms of the correla-
tion between the local force fi(X,t) and the total displacement Ax;
the particle experiences along its path, before it passes through x
at time t (Reeks, 1992),

Jji = (fi(X. O)AX;(X, 1))

This can be understood in terms of small contributions to the dis-
placement induced by the force on the particle along its path
(sum of small contributions). It is only the recent history, within
the correlation time of the driving force, that will contribute signif-
icantly to the correlation bracket. A similar correlation defines i,
but in terms of the total velocity change along the particle path,

i = (i, ) Av;(X,1)).
The dispersion vector is given by
7i = —((0fi(x, 1)) Ax; (X, 1)),

where summation over j is implied.

The velocity change and displacement is expressed in terms of
Green’s function of the EOM (or the response function). See Appen-
dix C for the derivation of Green’s function with added mass effects
included. We will assume a linear mean shear in the background
fluid, and the response function is then deterministic. The disper-
sion tensors then assume explicit forms directly in terms of the
force correlation functions (e.g., Hyland et al., 1999),2

2 These asymptotic “long time” values are evaluated by ignoring the initial
conditions.

Zi= / (%, (% (5). 5)) Gig (£ — 5)ds, (15)

Wi = /ﬂ(ff(’@ E)f(Xp(5), 5)) Gy (t — 5)ds. (16)

t

Pi=- / (05 (%, £)fi(%p(5).5)) G (¢ — 5)ds. (17)
The only known way to evaluate the dispersion tensors in wall
bounded turbulence, is with the aid of Monte-Carlo simulations
with particle tracking (e.g., Skartlien, 2007,b), or via direct numeri-
cal simulation with particle tracking. If one assumes homogeneous
turbulence with a linear mean shear, these tensors can be calcu-
lated analytically giving a direct relation to the fluid Reynolds stres-
ses. We will adopt this approach in the following as a “local
approximation”.

3.1.2. Moments and constitutive relations

By taking the first three velocity moments of the PDF-equation,
one obtains the mass, momentum and stress conservation equa-
tions for the particles:

a[p + ak(pi/k) =0,
pD. i + (P, V) —

(18)

p(Fi — poi) = —0k(2aip) — 7:p, (19)
where F; is an external force and D; = d; + 7;0,. Appendix A
discusses the diffusion equation for p, that can be generated from
the momentum equation. The stress equation is (Reeks, 1992;
Swailes et al., 1998; Hyland et al., 1999; Sergeev et al., 2002)
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O(pVT) + Ol PO VT + WPV, + 2BV

= p(i + i) — p(Twh 0 + Tk Ok Vi) + Rij, (20)
where
Tix = ViV, + /i, (21)
Rij = —0k[p (¥} + V)] — p(y0) +7;0)). (22)

The terms R; are exactly zero with the models of the dispersion
tensors used in this work (since we will assume they are indepen-
dent of the velocity).

The constitutive relations emerge naturally from the theory.
The particle stress tensor is given by

Tic = p(VV), + Jai), (23)
and the particle diffusivity tensor is
€ix = Tp(?); U;c + /_lk,'). (24)

The diffusivity depends on particle inertia via 7,, the particle kinetic
stress, and also directly on the action of the background fluid via the
dispersion tensor /. The dispersion tensor J;; has two contributions
in a wall bounded flow, namely the dispersion induced by the mean
shear in the carrier flow, and the dispersion induced by the carrier
turbulence (Reeks, 1993).

For the turbulent fluxes that enter in the stress equations, we
apply the Chapman-Enskog closure relation (Swailes et al., 1998;
Zaichik and Alipchenkov, 2005),

- 1 R S —
v;vj’.vL =-3 {61,18,1 v;cv]’» + €inOn V) Vi + €nOn v}v;}, (25)
in terms of the local particle diffusivities €; given in (24). Note that
this approximation serves as the required closure relation for the
hierarchy of moments of the PDF-equation.

3.2. Kinetic stress equation with account for particle-particle
interaction

With collisions, the kinetic PDF-equation (Section 3.1.1) gener-
alizes to

OP+V-VxP+Vy-[(FE=pV)P] = —Vy - £ + (3P)con (26)

where the diffusion current # = (fW) has the same meaning as be-
fore, with f the force due to turbulence. In the limit of zero fluid
force (infinite relaxation time, § — 0 and J — 0), we recover the
classical Boltzmann equation.

In order to include collisional effects in the continuum equa-
tions for gas—particle flow, Simonin (2000) applied Grad’s (1949)
theory for rarefied gases where only two-particle interactions are
accounted for. Simonin assumed uncorrelated particle velocities
and elastic collisions as in Boltzmann’s classical work. With these
simplifying assumptions, the work of Jenkins and Richmann
(1985) implies that the collisions only enter in the stress equations.
Thus, the momentum equation (19) is unaltered, while the stress
equation (20) should be replaced by

O (pviv) + O(p Uk ViV) + O(p UiV + 2PV
= p(lji + ly) — p(T w0k Vj + T Ok Vi) + Cyj, (27)

where the collisional redistribution term is (Simonin, 2000;
Caraman et al., 2003)

Oc [— 2
¢s=-p % (v - 300,
¢ (28)
2 i -
q, = 5 (Z/XZ/X + v, v, + Z/sz).
Here o, =4/5 and the mean time between collisions is 7. = 1/v,,

where the collision frequency is

v, = tnd? ? %qg,
where n = n(x,y,z) is the local particle number density. This model
accounts for the effect that collisions dissipate the particle shear
stress components and drive the normal stresses to equipartition.
That is, the particle stresses become more isotropic, with reduced
shear stress.

In particle-liquid flow, collisions are replaced by hydrodynamic
interactions involving fluid dynamic effects upon close encounter
between two or more particles. We will model the interactions
by adopting Simonin’s expressions for elastic collisions, but replace
the particle cross section or diameter d by a larger cross section gi-
ven by a characteristic hydrodynamic length scale, d;, > d. The col-
lision frequency with interaction is then defined as

16 2
(Vehnya = 7ndiy [~ 563, (29)

adopting 7. = 1/(Vc)pyq in the stress coupling term Cj.

For Stokes flow, one can show that the velocity perturbation
around a translating sphere in a quiescent liquid scales as d/r (r
is the distance from the particle surface), based on the Oseen ten-
sor and its extension for small but non-zero Re, (Batchelor, 1967).
A reduction of the perturbed velocity in the surrounding fluid to a
20% level, corresponds to r = 5d. We find that d; ~ 6d yield results
that are comparable to the experimental data, giving a substantial
increase in the collision frequency [(Vc)p,q ~ 36Vc]. We expect that
Oseen’s relation is a good approximation for translation in a turbu-
lent fluid, when d is significantly smaller than the Kolmogorov
length.

The importance of collisions/hydrodynamic interaction relative
to that of turbulent forcing can be evaluated from the factor
Tp/Te = Tp(Ve)pya- FOr a strictly dilute flow, where collisions can
be neglected, we would require 7,/7. < 1. The volume fraction of
particles may not represent the relevant parameter for judging
the importance of interaction, due to long-range hydrodynamic
interaction.’

Finally, it is important to note that the history of the turbulent
force seen by a particle is influenced by collisions in the sense that
the particle path is perturbed by the collisions. The altered particle
path will potentially influence the value of the dispersion tensors
(15)-(17). We will ignore this effect for the time being, but future
research should address the collisional effect on the dispersion
tensors.

3.3. Reduction to fully developed channel flow

The influence of gravity on the concentration profiles is quite
strong (giving exponential profiles to first order), and as a first
approximation one can assume constant particle concentration in
horizontal planes. We therefore adopt channel flow equations to
model the data (which is measured in a vertical plane or laser sheet
through the center of the pipe). The model is then subject to upper
and lower boundary conditions (see Fig. 4).

The PIV field of view covered about 1/2 pipe diameter for the
two larger Reynolds numbers, and about 0.9 diameters for the
smallest Reynolds number. Measured boundary values in the field
of view served as boundary conditions for the model. Two Dirichlet
kinetic stress conditions (upper and lower values) and one Dirich-
let condition for the lower particle concentration, was taken from
the data. We will later see that the kinetic stress equations reduce
to local relations, such that the kinetic stress is insensitive to the
boundary conditions.

3 The “effective volume fraction” for interactions scales as (d;/d)* > 1.
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Fig. 4. (upper figure) Pipe cross section with schematic particle concentration
contours. As first approximation one can assume constant particle concentration in
horizontal planes, due to gravity. The PIV measurement plane is shown as a grey
strip. (lower figure) Channel flow geometry adopted for the model. The two stress
boundary conditions (upper and lower boundary), and one density boundary
condition (lower boundary) are indicated. The PIV measurement area is indicated,
with the accompanying model boundaries.

We will use the term “axial direction” for x (the direction of the
mean flow), and “radial direction” for y (the wall normal direction),
when we compare the data to model results. The spanwise direc-
tion in the model is z (corresponding to the azimuthal direction
in the pipe). Gravity acts in the negative y-direction, perpendicular
to the boundaries (see Fig. 4).

3.3.1. Components of the governing equations

In fully developed horizontal channel flow, dx(..) = 9,(..) =0
and 9;(..) = 0 for ensemble averaged quantities in general. Further-
more, 7, = v, = 0. The mean force components on the particles per
unit mass are

Fy = —g. + ady(uyu,), (30)
Fy = B(ux) + 0dy(lty) = f(uy) — 0y (vedy(Uy)), (31)
F, =0, (32)

for the wall normal, streamwise and spanwise components, respec-
tively, and v, is the eddy viscosity. The term 9, (u;u;) is the gradient
of the turbulence dynamic pressure per unit mass. The components
of the momentum equation become

I (pvyvy) + p(ge — ady(Uyly)) = —0y(Ayyp) = Pyp,

Oy (pv, V) + PB(Dx — (Ux)) — 0dy(Uuy)] = =0y (4yxp) — Pxps  (33)
Iy(pvyv}) = —0y(2yzp) — 72p-

Only the vertical component (33) is needed to solve for the concen-
tration profile p(y), with given J,,, J,, and a solution for the normal
stress 7, v;. The formal solution for the concentration profile is
y _ NTU A

(0) &w(0) exp {_-L-p/ ‘w dC}, (34)

€y (¥) 0 Eyy
where €, is the normal component of the particle diffusivity (24).
For the special case of homogeneous turbulence, €,, is constant
and 7, = 0, such that an exponential profile is recovered.

The wall normal and axial components of the stress equation
are, respectively,

py)=p

)0
Oy (pvy vy vy + 2Bp Uy vy = <U;U}*3qﬁ>= (35)

— _ _ Ocf—— 2
0y (pv, v, y/)+2ﬁpv’xv;<:2p,uxx72p7’xyayvx7pf—f<v;v;f§q§>. (36)
c

2pfty —

The wall normal stress is needed for (33) (or the concentration pro-
file 34), and for comparison with the stress data. The axial stress is
calculated solely for comparison with the axial stress data. The
stress equations are coupled via the collision term, but we will solve
each of them independently, using measured data for the stress
component we are not solving for. Likewise, we will use the mea-
sured shear stress in the calculation of 7, rather than solving
the shear stress equation.

For the axial stress 7,7, the mean shear 9, 7x acts as an internal
source. The collisional terms may act as sources or sinks. For air-
particle flow in pipes or jets, it has been reported (e.g., Caraman
et al,, 2003) that collisions provide a sink for the axial stress and
a source for the two other normal components. In the current case,
the shear induced source for the axial stress is not important, but
the stress redistribution effect due to hydrodynamic interaction
needs to be included to match the measurements.

3.3.2. Local approximation of the stress equations
When the turbulent flux terms can be neglected, the set of
stress equations above reduce to the local algebraic relations

- _ O¢

26077, = 2ty = P (V vy~ g%) (37)
_ _ _ Oc

2Bpvi vy = 2Pl = 20Ty Oy Ux = P <”’ Uy — _qp> (38)

In the current case, these local stress equations hold, as we will see
below. This simplifies the problem considerably relative to gas-sol-
ids or gas—droplet flow, since we do not need to specify stress
boundary conditions, and solve the differential equations. The tur-
bulent flux is significant for large Stokes number gas-particle flow,
and we must then revert to the coupled set of differential equations
(35) and (36).

3.4. Local dispersion tensors with added mass effects

3.4.1. Correlation functions for the particle forces

A number of dispersion tensor components are required in the
momentum and stress equations. These are in general given by
the integrals (15)-(17), were the two-point temporal correlation
function of the fluctuating part of the fluid force is required. With
the definitions

fi=di+a, (39)
d,‘ = /fu;, (40)
a = oc(%?) 41)

the desired two-point correlation function can be expressed as

(fi(xv t) k(xp (S)7S)> :<di(xﬂ t)dk(xp(s)vs» + <ai(x7 t)ak(xp(s)vS»
+ [(di(%,£)ak(Xp(5),5)) + (@i(X, ) di(Xp(5),9))] . (42)
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Brackets mean ensemble averaging over all x,(s) for fixed s <t
belonging to paths converging to x at t (thus, brackets mean averag-
ing over a set of different spatial positions x,). We will use the com-
pact notation

Ri" (. t.5) = (mi(X, ) (Xp(s).5)) (43)

ik
for the individual contributions, replacing (42) with
() =30 DR = = R + R + Ry, +RY. (44)

Here, m and n refers to force type (d or a) and i, k refers to coordi-
nate directions (x or y in our case).

We assume that the two-point correlations R}}m can be ex-
pressed in terms of a time dependent exponential decay of the cor-
responding local single-point correlation. In the case of channel
flow, the “locally homogeneous approximation” is

Ry (v, t,5) = Q" (y)e /'), (45)
where the local force correlations are
Qi) = (mi(y)ni(y))- (46)

We calculate R;"(y, t, s) from the combined PTV/PIV data. These cor-
relation functions are then fitted with exponentials to calculate the
timescales t;"(y). The different T}{" may not vary very much over
different combinations of i and k, so we replace this tensor with a

characteristic scalar value t,,, when appropriate,
RM y,t,s) ~ mk"(y)ef(H)/fany). (47)

ik
We will use the full profiles Q" (y), but single characteristic values
T for the timescales, as input to the model.

3.4.2. Dispersion tensor components

Only the components that we need for the subsequent calcula-
tions are given below. Appendix B provides the necessary details for
the dispersion tensor calculations, and explains the approximations
that are adopted. The [ components are given by the scaling in
(D.2), once the 2-components are calculated. The /-components that
are needed in the wall normal momentum and stress equations are

- dd 15
) 48
(Zyy)aa = Qyy 14 pt—aCy,t?’ -
(%3y)aa = 0, -
. —0Q%__ “*aa >0
(Ayy)aa = Qyy 7 T B’L’aa - acgyrga ’ »

The streamwise components that are needed in the axial stress
equation are

- dd ddfiz

o= (0¥ ) o
- T ad Tzd

e QU+ BIQY e -

( xx) d = ]+ﬂ‘C ( Y1 + BTaa — OCny'ng) ( )

(1 ) _ Tiga Qaa +B Q T—ga (53)
waa = 14 BTaa xx 1y 1+ BTe — “ngrga

And the “shear components” that are needed in the axial stress
equation are

72

5 dd

X = 7 s 54
(’Ly )dd Qxy 1+ ﬁT _ OCnyTZ ( )
(y)aa = iy i (55)
yi =

VX ) ad X1 I /h:ad “nyfid ’
R I (56)

aa 1+ BTaa — acc;yrga

The correlation tensors in (48)-(56) are given by

Qyy = (), (57)
Q= p () (58)
Qy = B (uju), (59)
Qjy = (a,a,), (60)
Qi = (avay), (61)
Q= (aay), (62)
Qi ~ 2eplu ) dy (), (63)
Qi = a3y (). (64)

The approximations leading to the last two terms are explained in
Appendix B. The auxiliary variables in (48)-(56) depend on added
mass (via fluid stress gradients) and drag (via the mean shear),

Bl = ﬁ8y<ux> + “C;/w
Cy = dy (W),

4 2 /200 44!
Gy, = 0, {uyuy).

4. Model parameters extracted from the data

The required model input is Q;" (y) and the corresponding time-
scales Tg4, Taqg and T4.. These parameters are taken from the data.
The relaxation time 7, and the effective gravity g, are determined
by the fluid viscosity and density, the particle material density and
particle Reynolds number. The latter is estimated from the dataset
to calibrate the average drag coefficient.

4.1. Particle relaxation times

The average values of Re, based on the time averaged velocity
difference |u—v|, for flow Reynolds numbers Re = [43,000,
64,000, 115,000], were Re, = [65,130,180] respectively. This is
below the vortex shedding threshold of Re,, ~ 300 (Johnson and Pa-
tel, 1999) for translation in quiescent fluid, but well beyond the
Stokes limit for the drag term. A relatively large standard deviation
in the slip velocity (up to ~ 70%) suggests that the particles shed
vortices intermittently.

4.2. Measured drag and acceleration correlation times seen from
particles

The dominating sources for the radial and axial normal kinetic
stresses are associated with RS and Ry respectively, and in partic-
ular the added mass terms R}; and Rﬂ;’ Figs. 5-8 show these corre-
lation functions, at a certain position in the pipe. The timescales for
R} and R are estimated directly from the data using exponential
ﬁts and by averaging over all radial positions.*

The measured timescales for R)) and Ry are comparable to the
sampling interval used (the sampling frequency was 2, 4 and
6 kHz, respectively, for the three Reynolds numbers, giving the
sampling intervals At = 0.5, 0.25 and 0.16 ms). This resolution lim-
itation is seen in Figs. 7 and 8. We will therefore treat the correla-
tion times associated with the “aa” terms as tuning parameters,
since they are not readily available from the data. We will also dis-
tinguish between the x- and y-direction for these correlation times,
in order to obtain a reasonable fit to the magnitude of the mea-
sured particle kinetic stresses. Table 1 summarizes the timescales

4 The PIV data window spans only about 1/2 of the pipe diameter for the two
largest Reynolds numbers, so an average value seems a reasonable representation.
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Fig. 5. Measured correlation function Rfj for Re = 63,900. The time axis is in units
of seconds. The correlation time is estimated from an exponential fit.
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Fig. 6. Measured correlation function R% for Re = 63,900. The time axis is in units
of seconds. The correlation time is estimated from an exponential fit.

used as model input, in addition to estimates of Eulerian timescales
of the turbulence.

The Stokes number is defined by the ratio of the particle inertial
relaxation time to the drag correlation time. The Stokes numbers
for all Reynolds numbers (Table 1) are larger than unity which
indicates that the polystyrene particles cannot be treated as pas-
sive tracer particles, even though the density contrast between
fluid and particles is very small.

4.3. Fluid timescales compared to T4

The particle material density is a few percent larger than for
water, such that the settling velocity is small compared to the char-
acteristic turbulent velocity. Thus, the Csanady/crossing trajecto-
ries effect can be ignored. We expect that the fluid velocity
correlation time 744 seen by the particles is still reduced compared
to the Lagrangian correlation time of the fluid 7; (not measured),
due to the added mass force and particle-particle interactions.
The Eulerian integral timescale t¢ for the radial velocity is also gi-
ven in Table 1. This is a factor 3-5 smaller than 7.
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1 T T T T
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Fig. 7. Measured correlation function R for Re = 63,900. The correlation time is
here unresolved with the sampling interval of At = 0.25 ms.
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Fig. 8. Measured correlation function Ry for Re = 63,900. The correlation time is
here unresolved with the sampling interval of At = 0.25 ms.

Table 1

The upper rows show the relaxation time 7, corrected for the particle Reynolds
number Re, and added mass (Eq. (8)), the Stokes number based on T = 744, the
Eulerian correlation time 7; estimated from the eddy viscosity and the radial fluid
stress, and 7 the Eulerian correlation time of the radial fluid velocity component. The
lower rows show the characteristic correlation times as seen by the particles. The
correlation time for the fluid velocity is T = 744, the cross correlation time between
the fluid acceleration and the fluid velocity is 7,4. The two correlation times for the
fluid acceleration, (Taa),, and (Ta),, are tuned parameters since the correlation
functions were under-resolved.

Re Tp (ms) Rep, St=1p/T 7y (ms) Tg (ms)
43,000 19.2 65 1.28 80 3.1
63,900 12.7 130 2.54 65 1.8

115,000 9.0 180 3.03 35 0.9

Re 7 (ms) Tad (T) (Taa)yy (1) (Taa)xx (7)

43,000 15 0.10 0.10 0.10
63,900 5 0.12 0.12 0.24
115,000 3 0.06 0.06 0.24
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Another timescale that is frequently used is the eddy turnover
time defined by the scalar diffusivity. Skartlien (2007, 2009)
showed that the wall normal particle diffusivity for vanishing
Stokes number, and for drag only, limits to

(Eyy)p = (UyU,)T

when the locally homogeneous form of the dispersion tensor J, is
invoked. If we impose consistency between the eddy diffusivity and
the wall normal particle diffusivity for vanishing relaxation time,
we obtain the following eddy turnover time:

T = vi/(uju}), (65)

where vr is the fluid eddy viscosity.

The eddy turnover time (given in Table 1) is about an order of
magnitude larger than t4. Thus, the needed correlation time 744
cannot be estimated by the eddy turnover time 7, in the current
setting, where the added mass effect is important. A better approx-
imation is the Eulerian integral timescale tg, although this is a fac-
tor 3-5 smaller than 4. The Lagrangian correlation time for the
fluid, 7, may be a better estimate.

4.4. Measured local force correlation tensors Q}}"’

We use the relations given in (57)-(64) on the dataset, to eval-
uate the local tensor components Qg-“”(y). These correspond to the
value of Rj" at zero time lag. Vertical (or radial) profiles of a few
measured correlation tensors for Re = 63,900 are given in Figs. 9
and 10, respectively. For the acceleration components Qg and
Q;; we adopt single characteristic values (average values over
the pipe diameter) as the model input.

It is potentially convenient to have a relation between the accel-
eration components and the Reynolds stresses, since the accelera-
tion components are not usually available in common modelling
situations. We therefore define the following Eulerian acceleration
timescales:

Q' = (aia;) = o <u§z;> ; (66)
Q% - (aay) = 20 (67)

72,
These acceleration timescales are given in terms of the drag timescale
Tq4q in Table 2, together with the characteristic values of Q{. Further

research may be necessary to incorporate more general relations be-
tween the Reynolds stresses and the acceleration statistics.

4.5. Collision frequency

We will now assess the importance of hydrodynamic interac-
tions by invoking our simple collision model. The spanwise normal
stress (in the line of sight of the camera used for PIV) is not avail-
able in the current data. We follow Caraman et al. (2003), and as-
sume v,7, ~ v, 7). The collision frequency is then modelled as

2 (161 TR A
(Vo)nya = nndh\/? 3 (vxvx + Zvyvy>,

where n is the particle number density and d;, is the effective hydro-
dynamic interaction cross section.

The importance of particle-particle interactions relative to tur-
bulent fluid forcing can be evaluated by comparing the collision
time to the particle relaxation time. For a strictly dilute flow we
would require T,(Vc)y,q < 1, i, that the particle relaxes to the
fluid motion before the next collision or interaction event. Fig. 11
shows in contrast that 7,(vc),,4 cannot be considered small, even
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Fig. 9. Correlation functions Q5 (), Qi (y) and Qg(y) for Re = 63,900.
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Fig. 10. Correlation functions Qj,(y), Qy (v) and Qg (y) for Re = 63,900.

though the average volume fraction of particles is of the order 107>,

We can therefore conclude that the flow is not strictly dilute.

Table 2
The Eulerian characteristic timescales of the fluid acceleration and measured
characteristic values for Qj.

Re gy (m?/s%) Qi (m?/s*) Ty Tx Txy

43,000 50 250 0.2t 0.2t 037
63,900 300 1500 0.3t 037 0.57
115,000 2500 9000 0.3t 037 0.67

5. Model results
5.1. Concentration profiles using the measured particle kinetic stress

First, we solve (33) or (34) using a linear fit to the measured ra-
dial particle normal stress for (7},2;) and the local approximation
for the dispersion tensors. With the PSA approximation for
Jy =~ —0yJy, of Skartlien (2007) to ensure a well mixed condition
in the limit of passive tracers, (33) reduces to

0= —€y0yp — pTpOy v, V), — PTp(8. — 0Dy (Uylly)), (68)

where —¢,,0, p is the diffusive turbulent mass flux density, the wall
normal diffusivity is €,, = 7,((¢},%,) + /) and —p7,8,7,v, is the
turbophoretic mass flux density. The diffusivity and turbophoretic
flux is calculated using the measured kinetic stress (v,v;). The
effective gravitational flux is —pt,(g, — a9, (u,u;)), corrected for
turbulence pressure. Figs. 12-14 show the results for all Reynolds

numbers.
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Fig. 11. Estimated collision factor 7,v. for Re =43,000 and Re = 115,000, showing
that the flow is not dilute, in particular towards the pipe floor.
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Fig. 12. Modelled concentration and radial diffusivity for Re = 43,000. The diffusivity is here based on the measured normal stress and the local dispersion tensor. (left panel)
Particle density profile: (crosses) data; (thick line) model; (straight dash-dotted line) exponential profile using the mean diffusivity in the scale height zy = €,,/Vr. The profiles
are normalized to the boundary value. (middle panel) Particle diffusivity: (full thick line) €,, = 1,(v,v}) + Tpyy; (dash-dotted thick line) (v, v,); (dash-triple dotted line)
Tplyy- The dotted line is the eddy viscosity (approximating the eddy diffusivity). (right panel) Particle radial stress (v, v,): The crosses represent the data and the thick full line
is the linear fit.
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Fig. 13. Modelled concentration and radial diffusivity for Re = 63,900. The key is the same as in Fig. 12.
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Fig. 14. Modelled concentration and radial diffusivity for Re = 115,000. The key is the same as in Fig. 12.
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We conclude that (68) seems to be a sufficient governing equa-
tion for the concentration profiles (left panels), although some
deviations are evident for the larger and smaller Reynolds num-
bers. The qualitative shape and curvature is captured, reflecting
the variation of the particle diffusivity over the diameter and the
presence of turbophoretic drift. It is worth noting that }, cancels
the gradient of 7,, within the PSA approximation. This simplifies
the momentum equation considerably.

For all three Reynolds number cases, the normal kinetic stress is
the dominating contributor to the diffusivity (7,(#, ;) in the mid-
dle panels), and not the fluid diffusivity contribution t,4,,. We will
see below that the source of kinetic stress is dominated by the
added mass force, via the dispersion tensor component iy,.

5.2. Particle kinetic stress modeling

We will now calculate the normal stresses from the full stress
equations (35) and (36), rather than using the data. Each equation
is solved by using the measured stress of the other component -
e.g., the wall normal stress equation is solved by using the linear
fit to the measured axial stress as input. This approach is sufficient
in order to test the validity of the governing equations. A fully self-
contained solution can be obtained by solving these equations
simultaneously.

Normalized concentration
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The boundary conditions for the stress equations are taken as
the endpoint values of the measured normal stress (also based
on the linear fit). This choice has no large consequence, since the
turbulent flux term (modelled by the Chapman-Enskog closure
relation) is relatively small such that the stress equations are
essentially local. The effects of boundary values are then not prop-
agated very far into the domain (about 0.1 times the domain size).

The modelled concentration, diffusivity and normal stress pro-
files are shown in Figs. 15-17, where both local (thin full lines)
and full solutions (thick line) of the stress are shown. The normal
stresses (both radial and axial) are approximately given by local
values governed by the algebraic relations (37) and (38) (the thin
full line is almost indistinguishable from the thick full line). In or-
der to obtain modeled stresses that are comparable to the mea-
surements (thick full line, lower left panels), the particle
interaction cross section is tuned to d, ~ 6 for all cases.

The slope of the normal stress profile in the lower half of the
cross section (lower left panels) is controlled by the particle inter-
action contribution (dashed line), that transfer axial stress to radial
stress. In the upper half of the cross section, the local stress source
I,y (dotted line) is larger than the stress redistribution term (for
the two lower Reynolds numbers). The radial stress is therefore
controlled by both particle interaction and the turbulent fluid
forces. Furthermore, j,, (lower left panels), is dominated by the
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Fig. 15. Modelled normal stresses and concentration for Re = 43,000. (upper left panel) Crosses: data; thick line: model; straight dash-dotted line: exponential profile using
the mean diffusivity. (upper right panel) Radial particle diffusivity; full thick line: €,,; dash-dotted thick line: 7,2} v}, and dash-triple dotted line: Tyyy. The dotted line is the
eddy viscosity. (lower left panel) Radial normal stress v, v;. The crosses represent the data and the thick full line is the model prediction. The thin full line is the local stress
given by (37), which is almost indistinguishable from the thick line. The dashed line shows the contribution due to particle-particle interaction. The dotted line is the
contribution due to ji,,. (Lower right panel) Axial normal stress 7/, 7. The crosses represent the data and the thick full line is the model prediction. The thin full line is the local
approximation (38), the dashed line is the contribution due to the particle-particle interaction. The dotted line is the contribution due to f,, and the dash-dotted line is the

shear induced contribution.
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Fig. 16. Modelled normal stresses and concentration for Re = 63,900. The key is the same as in Fig. 15.

added mass contribution. Recall that this term accounts for the
work done on the particles from all fluid forces.

The source for the axial stress fi, (lower right panels) is also
dominated by the added mass contribution.

Fig. 18 shows the axial stress for Re = 63,900 without the added
mass forcing, and we conclude that the added mass effect is
responsible for most of the axial stress. The two other Reynolds
numbers show a similar dependency on the added mass force. Par-
ticle-particle interaction and mean shear provide negligible contri-
butions to the axial stress (dashed and dash-dotted lines in the
lower right panels in Figs. 15-17).

Fig. 19 shows the effect of ignoring particle-particle interaction.
The modelled radial stress is now nearly constant since it is now
independent of the particle concentration. The resulting diffusivity
is also roughly constant for the same reason, and lower than what
is needed to maintain a sufficient scale height for the concentration
profile (upper left panel).

6. Discussion and conclusions
6.1. Interpretation of the data

6.1.1. Particle EOM

To test the validity of the EOM, we performed a cross-correla-
tion between the particle acceleration v and the adopted particle
forces. We found a clear correlation between the particle accelera-
tion v and the fluid acceleration for the axial direction. Noise in the

data prevented the same comparison to be made in the radial
direction. For the axial direction, and for the current Reynolds
numbers, we found that the fluid acceleration is more important
in the particle EOM than the drag term, demonstrating the signif-
icant added mass forcing at the current particle/fluid material den-
sity ratio of 1.05.

6.1.2. Particle versus fluid stress
If we ignore stress transport and particle-particle interaction,
the modelled radial normal stress of the particles is

vy Uy = Tplly.

With drag only, one can show that v}/, < (u,u;), which is in contra-
diction to the data that show larger particle stress than fluid stress
(Fig. 20). With added mass effects included in f,,, there is no such
constraint. For symmetric fluid turbulence profiles in the cross sec-
tion (ignoring turbulence modification), the particle stress profile
will also be symmetric according to the local approximation of the
dispersion tensor [i,,. The measured radial stress shows, in contrast,
a clear slope with larger stress near the pipe floor. This observation
suggests that particle-particle hydrodynamic interactions are sub-
stantial enough to provide a clear concentration dependency.

6.1.3. Particle axial stresses

The axial stress is larger than the radial stress (Fig. 20, right pa-
nel), suggesting redistribution of axial stress to radial stress (colli-
sions serve to make the stresses more isotropic). Furthermore, the
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Fig. 17. Modelled normal stresses and concentration for Re = 115,000. The key is the same as in Fig. 15.

axial stress is more uniform than the radial stress, in terms of rel-
ative variation (compare the left and middle panels). This suggests
that the axial stress is to a large degree generated by the local
fluid-turbulence, providing a more uniform profile. We note here
that stress redistribution is also observed in solids-gas flow (e.g.,
Caraman et al.,, 2003; Sommerfeld, 2003). Stress transport, wall
interaction, and shear induced stress are also important ingredi-
ents in these flows, where the particle Stokes number is much lar-
ger than in the current setting.

6.2. Model results

To address the observations above, we have implemented a mod-
el based on the kinetic theory for a dilute suspension due to Reeks
(1992). We modified the corresponding Eulerian stress equations
by invoking the collision term of Simonin (2000), that serves to cou-
ple the stress tensor terms, with the effect of reducing the particle
stress anisotropy. To account for long-range hydrodynamic interac-
tions, we adopted an “effective cross section” of 6d, where d is the
particle diameter. We solved the combined particle momentum
and stress equations in channel flow geometry, to compare with
the pipe flow data. The radial normal stress in the pipe is approxi-
mated by the wall normal stress from the channel flow model.

The wall normal particle diffusivity €,, controls to a large degree
the local scale height €, /V of the concentration profile (where Vr
is the settling velocity corrected for buoyancy and added mass). It is
found that the particle diffusivity is controlled by the kinetic stress
(the fluid diffusivity contribution via 7 plays only a minor role).

The gradient of particle Kinetic stress generates a turbophoret-
ic lift, which provides smaller corrections to the concentration
profile. With added mass forcing, there is an additional wall nor-
mal lift due to the direct action of the gradient of turbulence
pressure.

The wall normal kinetic stress that controls the diffusivity, is
generated by a redistribution of axial stress by particle interaction
(lower half of the flow volume), and by the added mass force
(upper half of the flow volume) via fi,,. The drag-force contribution
to fiyy is less important. The source of axial stress is mainly due to
the added mass contribution to jt,. The stress redistribution serves
to suppress the axial stress, and shear generated axial stress is not
important.

We found that a local approximation of the particle kinetic
stress equations is sufficient, since the transport term can be ig-
nored due to sufficiently small Stokes number (or characteristic
diffusion length). Algebraic relations between the particle and fluid
stresses, including the stress redistribution terms can then be in-
voked, eliminating the need for stress boundary conditions. Only
for larger particle/fluid density ratios are stress boundary condi-
tions necessary (such as droplets in gas modelled by Skartlien,
20009, or solid particles in gas).

Local stress relations, and the influence of added mass effects,
give a wall normal diffusivity in the approximate local form

(69)

_ T ac
T 2

T Tp Oc 42
o (Tl 2%
phy T2 35 qp
€y =~ Tp(Vy V) = Tp( < ;
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Fig. 18. Modelled normal stresses and concentration for Re = 63,900. No added mass effect. Only the drag-force and collisions are considered in this example. The axial stress,
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where

aa

vy _ Qaa

_ Taa
Hyy = —
Taa

Y1+ BToa — ozC;,’yrga

is due to added mass forcing only, and the term in o. is due to the
transfer of axial to radial kinetic stress.

6.3. Prospects

The current study has demonstrated the applicability of the ki-
netic theory also in cases where (1) the added mass forcing due to
fluid acceleration is important and (2) in “semi-dense” suspensions
where hydrodynamic interactions are significant. To obtain a fully
self contained model, we would require a separate model for the
acceleration correlation tensors, and the associated correlation
times. This can possibly be achieved by applying the Pope (2002) ap-
proach for the acceleration correlations using the Langevin approach.
The model may also be applied to flows where the added mass term
completely dominates, such as bubble flow or for emulsion droplets.
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Appendix A. Diffusion equation for the particles

The mass flux density is expressed by recasting the momentum
equation (19) in the diffusion equation form
_ = — - Dv;
pi = —€xdip — pTp(Vi — Fi) — pTp0k (Vj0} + 2ai) — P (A1)
where 1,0,(v}v,) is the turbophoretic drift velocity in the i-direc-
tion, D/Dt = 8, + ;0 7;, and the diffusivity tensor €; enters natu-
rally as a gradient diffusion coefficient. For zero mean velocity,
this equation alone governs the density distribution of the particles
via a first order equation with variable coefficients, when the kinetic
stress and the dispersion tensors are given.

Appendix B. Force correlation functions in local form
B.1. Drag contribution

The two-point drag-force correlation is

(didy) = p*(ui).
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Fig. 19. Modelled normal stresses and concentration for Re = 63,900. No collisions. Only the drag-force and added mass is considered in this example. The radial stress is
underestimated and symmetric due to the absence of particle interaction. The resulting diffusivity is also roughly symmetric for the same reason. The key is the same as in

Fig. 15.
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The local approximation assumes the following form:

Ry = (didi) = B> (uj(X)u(x))e~ ", (B.2)

ik i

where 7 is the correlation time of the turbulent velocity fluctuations
as measured along the particle paths, and f*(u(x)u},(x)) = Q,-dkd is the
local single-point correlation. It is assumed that the same correla-
tion time applies to all combinations of velocity components.

B.2. Combined drag - added mass contribution

From the Navier-Stokes equation, we obtain the fluctuating
fluid acceleration

Du\’ Du Du
(or),= (50),~ (50), = (53
8[1,1; + UjajU; + uJ’-ajﬂ,- — (‘),Tuj’ = (B4)
filp =o' /p+ Wi (B.5)

In statistically stationary flow, the cross terms (44) become

e ads gl (Y (PO\'N /DD
)+ )~ (7 ) +ui(p ) ) =i+ iy

+ o (U ot) + of(uiuOrtik) + oLpA, (B.6)

where (ignoring (u;o.uj, + uo.u;))

Du; Du; _
(v -+ ) = o+ i) + o

+ woju;) + (uifu;(Xp) — u;(X)]ojuy), (B.7)

A = (WD) + (D). (B3)

We note that for s =t, we recover terms in the standard (single
point) Reynolds stress equation. That is, for x, =X,

/ Du ' / Du ' ] TU PTETU
<”k (ﬁ) st <E>k> = W0 (uiwy,) + O;(ujuiy)
1

+ <u;<uj/'>ajﬂi + <u§u}>ajﬂk7 (Bg)

where the angle brackets for ensemble averaging over particle
positions reduce to local ensemble averages, which again can be
replaced by time averages. The remaining terms vanish since
the average fluctuation is zero (therefore A=0) and
[u(%,) — (X)) = 0.

We make the following hypothesis to conform to local homoge-
neity: The two-point correlations in (B.6) can be expressed in
terms of a time dependent exponential decay of the local single-
point correlations in the local form (B.9). For strictly homogeneous
turbulence, the single-point advection and flux divergence in (B.9)
vanish. Only the production term remains, and we adopt the fol-
lowing local approximation:

(diay) + (aidy) = ocﬂ(<u’ku}>0jﬂf + <U§U}>ajﬂk)€’(r’sw“ﬂ (B.10)
where 7,4 is a suitable correlation time of the two-point correlation
function between the added mass force and the drag-force.

In the case of homogeneous turbulence with shear due to a
mean velocity in the x-direction, the components read

(dyay) + {aydy) = 2aﬁ(<u;u;>ayax) (-9t
(dyay) + (axdy) = O‘ﬁ(<u;u;>ayﬂx) e~/ T,
(dyay) + (aydy) = 0.

For components involving the spanwise direction z,

(B.11)

(anZ) + <axdz> = aﬁ((u;u;)@m) e’([*s)/fud’
(dya,) + (a,d,) = 0, (B.12)
(d,a;) + {(a.d;) = 0.

B.3. Added mass contribution

The two-point (non-local) correlation function of the added
mass force can be written

(@iae) ~ o ((Ouj0cul) + (0; (i) di(wiug)')), (B.13)

where (uju,»)’ = u;u; — uju; is the stress fluctuation in the fluid. For

the diagonal elements i = k and for j = I, the correlation is clearly

positive. We may adopt an order of magnitude estimate directly,
uu,

(aiak> ~ 062 <%1Ak> e—(t—s)/raa7

I (B.14)

where 7; is a characteristic time for the fluid acceleration Du;/Dt.

Appendix C. Green’s function for the EOM

The displacement Greens function is needed to calculate the
dispersion tensors. The particle displacement in the i direction
due to an impulsive force applied in the j direction is, in the pres-
ence of a mean force and a simple drag coefficient without lift, gi-
ven by the solution of the system of equations (e.g., Hyland et al.,
1999)

Cj,‘ + ﬁCj,’ — ijakF,- = (3{](3(t — S)7 (Cl)

where §; is the Kronecker delta. In channel flow, the mean force
varies only in y, such that Gyd«xF; = G0, F;. For the force gradients,
we get

OyFx = oy (uy) + ad} (uu,) = S+ aCy, = By, (C.2)
oyF, = 003 (uyuy) = oCy, = B,.

The initial conditions are

G;i(0) =0, (C4)
Gii(0) = oy, (C.5)
where G;; = 8,G;;. These conditions follow from the Dirac delta func-
tion forcing of the diagonal elements G;. The first conditions simply

states zero displacement at time zero. The resulting Greens function
components (that are needed here) are

Gxx = ﬁ71(1 - eiﬂt)', (C 6)
Gy = (AB)~'(e™" —e™"), (C7)
B

G = g [ = &™) — 4(1 — ], (c8)
Gy =0, (C9)
where

m; = —g(l +4), (C.10)
mzzfg(lfA), (C.11)
A=\/1+12C), (€C12)
7 47“. (C.13)

The G, component expresses the streamwise particle displacement
due to a force in the vertical direction (due to the mean shear). Both
Gyx and Gy, are influenced by the added mass contribution to the
mean force (via 4 and the Reynolds stress gradients).
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Appendix D. Calculation of the dispersion tensors

The two forces (added mass and drag), give three contributions
to each of the three dispersion tensor components. In general,

0
HW =Y [ R (y,t,5)Gy(t — s)ds

= ()‘ﬁ)dd + (}"ﬁ)ad + ( 'ﬁ)aa' (Dl)
By invoking the local form (47), one obtains
O .
B =% 3 [ RE0.69G( - s)ds
— (j'ﬁ)dd + (/T“ﬁ)ad + (j'ﬁ)aa . (DZ)

T Tad Taa

Green'’s function G; for the EOM is given in Appendix C. The two
drag-added mass contributions (ad and da) are merged into one dis-
persion tensor.

For the dispersion vector component },, we adopt the passive
scalar approximation - PSA (Skartlien, 2007),

W= _ay(zyy)-

This approximation assures the correct behavior for the momentum
equation in incompressible flow in the limit of small particle Stokes
number. We can take 9, = J, = 0 since the turbulence inhomogene-
ity is only felt in the y-direction, perpendicular to the channel walls.

(D.3)

References

Ahmed, A.M., Elghobashi, S.E., 2000. On the mechanism of modifying the structure
of turbulent homogeneous shear flows by dispersed particles. Phys. Fluids 12,
2906-2930.

Auton, T.R,, Hunt, J.C.R., Prud’homme, M., 1988. Force exerted on a body in inviscid
unsteady non-uniform rotational flow. J. Fluid Mech. 197, 241-257.

Batchelor, G.K., 1967. An Introduction to Fluid Dynamics. Cambridge University
Press, Cambridge.

Caraman, N., Borée, J., Simonin, O., 2003. Effect of collisions on the dispersed phase
fluctuation in a dilute tube flow: experimental and theoretical analysis. Phys.
Fluids 15, 3602-3612.

Crowe, C.T., 2000. On models for turbulence modulation in fluid-particle flows. Int.
J. Multiphase Flow 26, 719-727.

Drazen, D., Jensen A., 2007. Time-resolved combined PIV/PTV measurements of
two-phase turbulent pipe flow. In: Proceeding of the 6th International
Conference on Multiphase Flow, ICMF 2007, Leipzig, Germany, July 9-13, 2007.

Drazen, D., Jensen A., in preparation. Lagrangian measurements of two-phase pipe
flow using combined PIV/PTV.

Elghobashi, S.E., Abou-Arab, T.W., 1983. A two-equation model for two-phase flows.
Phys. Fluids 26, 931-938.

Ferrante, A., Elghobashi, S.E., 2003. On the physical mechanisms of two-way
coupling in particle-laden istotropic turbulence. Phys. Fluids 15, 315-329.
Gore, RA. Crowe, C.T. 1989. Effect of particle size on modulating turbulent

intensity. Int. J. Multiphase Flow 15, 279-285.

Grad, H., 1949. On the kinetic theory of rarefied gases. Commun. Pure Appl. Math. 2,

331-407.

Hetsroni, G., 1989. Particles-turbulence interaction, Int. J. Multiphase Flow 15, 735-
746.

Hyland, K.E., McKee, S., Reeks, M.W., 1999. Derivation of a pdf kinetic equation for
the transport of particles in turbulent flows. J. Phys. A: Math. Gen. 32, 6169~
6190.

Jenkins, ].T., Richmann, M.W., 1985. Grad’s 13-moment system for a dense gas of
inelastic spheres. Arch. Ration. Mech. Anal. 87, 355-377.

Jensen, A., Pedersen, G.K., 2004. Optimization of acceleration measurements using
PIV. Meas. Sci. Technol. 15, 2275-2283.

Johnson, T.A., Patel, V.C., 1999. Flow past a sphere up to a Reynolds number of 300. J.
Fluid Mech. 378, 19-70.

Kataoka, I., Serizawa, A., 1989. Basic equations of turbulence in gas-liquid two-
phase flow. Int. J. Multiphase Flow 15, 843-855.

Kenning, V.M., Crowe, C.T., 1997. On the effect of particles on carrier phase
turbulence in gas-particle flows. Int. J. Multiphase Flow 23, 403-408.

Kiger, K.T., Pan, C., 2000. PIV technique for the simultaneous measurement of dilute
two-phase flows. J. Fluids Eng. 122, 811-818.

Lightstone, M.F., Hodgson, S.M., 2004. Turbulence modulation in gas—particle flows:
a comparison of selected models. Can. J. Chem. Eng. 82, 209-219.

Maxey, M.R,, Riley, J.J., 1983. Equation of motion for a small rigid sphere in a non-
uniform flow. Phys. Fluids 26, 883-889.

Pope, S.B., 2002. A stochastic Lagrangian model for acceleration in turbulent flows.
Phys. Fluids 14, 2360-2375.

Poelma, C., Ooms, G., 2006. Particle-turbulence interaction in a homogeneous,
isotropic turbulent suspension. Trans. ASME 59, 78-90.

Reeks, M.W., 1992. On the continuum equations for dispersed particles in
nonuniform flows. Phys. Fluids A 4, 1290-1303.

Reeks, M.W.,, 1993. On the constitutive relations for dispersed particles in
nonuniform flows. 1: Dispersion in a simple shear flow. Phys. Fluids A 5,
750-761.

Reeks, M.W., 2005. On model equations for particle dispersion in inhomogeneous
turbulence. Int. J. Multiphase Flow 31, 93-114.

Sergeev, Y.A., Johnson, R.S., Swailes, D.C., 2002. Dilute suspension of high inertia
particles in the turbulent flow near the wall. Phys. Fluids 14, 1042-1055.

Sommerfeld, M., 2003. Analysis of collision effects for turbulent gas-particle flow in
a horizontal channel: Part1: Particle transport. Int. J. Multiphase Flow 29, 675-
699.

Simonin, 2000. Statistical and continuum modelling of turbulent reactive
particulate flows - Lecture Notes Part 1.

Skartlien, R., 2007. Kinetic modeling of particles in stratified flow - evaluation of
dispersion tensors in inhomogeneous turbulence. Int. J. Multiphase Flow 33,
1006-1022.

Skartlien, R., 2007b. Evaluation of a kinetic theory model for inertial particles in
stratified turbulent flow - the influence of the Stokes number. In: Proceedings
of the 6th International Conference on Multiphase Flow, ICMF 2007, Leipzig,
Germany, July 9-13, 2007.

Skartlien, R., 2009. A droplet transport model for channel and pipe flow based on
particle kinetic theory and a stress- turbulence model. Int. J. Multiphase Flow
35, 603-616.

Swailes, D.C., Sergeev, Y.A., Parker, A., 1998. Chapman-Enskog closure
approximation in the kinetic theory of dilute turbulent gas-particulate
suspensions. Physica A 254, 517-547.

Wang, Y., Komori, S., Chung, K.K., 1997. A two-fluid turbulence model for gas-solid
two-phase flows. J. Chem. Eng. Jpn. 30, 3, 526-53.

Wu, Y., Wang, H,, Liu, Z,, Li, J., Zhang, L., Zheng, C., 2006. Experimental investigation
on turbulence modification in horizontal channel flow at relatively low mass
loading. Acta Mech. Sinica 22, 99-108.

Young, J., Leeming, A., 1997. A theory of particle deposition in turbulent pipe flow. J.
Fluid Mech. 340, 129-159.

Zaichik, LI, Alipchenkov, V.M., 2005. Statistical models for predicting particle
dispersion and preferential concentration in turbulent flows. Int. J. Heat Fluid
Flow 26, 416-430.



	Suspensions in turbulent liquid pipe flow: Kinetic modelling and added mass effects
	Introduction
	Background
	Overview of the experiments

	The particle equation of motion
	Drag and added mass forces
	Measured added mass effects

	The kinetic model
	Kinetic theory for a collisionless, dilute suspension
	The PDF-equation and the dispersion tensors
	Moments and constitutive relations

	Kinetic stress equation with account for particle–particle interaction
	Reduction to fully developed channel flow
	Components of the governing equations
	Local approximation of the stress equations

	Local dispersion tensors with added mass effects
	Correlation functions for the particle forces
	Dispersion tensor components


	Model parameters extracted from the data
	Particle relaxation times
	Measured drag and acceleration correlation times seen from particles
	Fluid timescales compared to {\tau}_{dd}
	Measured local force correlation tensors  {Q}_{ij}^{mn}
	Collision frequency

	Model results
	Concentration profiles using the measured particle kinetic stress
	Particle kinetic stress modeling

	Discussion and conclusions
	Interpretation of the data
	Particle EOM
	Particle versus fluid stress
	Particle axial stresses

	Model results
	Prospects

	Acknowledgement
	Diffusion equation for the particles
	Force correlation functions in local form
	Drag contribution
	Combined drag – added mass contribution
	Added mass contribution

	Green’s function for the EOM
	Calculation of the dispersion tensors
	References


